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Abstract

The problem of two-dimensional steady mixed convection in a vertical porous layer is investigated numerically in the

present paper using the thermally non-equilibrium model. The vertical porous layer is assumed to have a finite isother-

mally heated segment on one vertical wall which is otherwise adiabatic and the other vertical wall is cooled to a constant

temperature. Non-dimensionalization of the governing equations results in four parameters for both aiding and oppos-

ing flows: (1) Ra, Rayleigh number (2) Pe, Péclet number (3) Kr, thermal conductivity ratio parameter, and (4) H, heat

transfer coefficient parameter. The numerical results are presented for 0.01 6 H 6 100, 0.01 6 Kr 6 100,

0.01 6 Pe 6 100 and Ra = 10, 50 and 100. The results show that, the thermal equilibrium model cannot predict the

average Nusselt number correctly for small values of H · Kr. In both the aiding and opposing flows, the total average

Nusselt number is decreasing with increasing the heat transfer coefficient parameter at low values of Pe, while for high

values of Pe, higher H will enhance the total heat transfer rate. Increasing the thermal conductivity ratio leads to

increase in the total average Nusselt number. It is found also that the total average Nusselt number depends strongly

on the thermal conductivity ratio parameter and depends slightly on the heat transfer coefficient parameter.

� 2004 Elsevier Ltd. All rights reserved.
1. Introduction

Convective heat transfer in vertical or horizontal por-

ous layers has attracted attention of various researchers

during the last five decades in view of several very distinct

advantages of such a transport process in modern

technologies. The applications include, for example, elec-

tronic systems cooling, petroleum reservoirs, geothermal

reservoir, grain storage, fiber and granular insulation,

etc. Several excellent review articles and monographs

summarizing the state-of-the-art available in the litera-
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ture testify to the maturity of convection in porous media

in general (see for example, [1–5]). Various essential char-

acteristics of steady mixed convection in a two-dimen-

sional horizontal or vertical porous layers has been

studied in several papers by Lai et al. [6–8], Lai and Ku-

lacki [9], Lai [10] and Prasad et al. [11]. In these papers,

the thermal equilibrium model is assumed, i.e., the tem-

perature of the solid and the fluid are assumed to be the

same within the representative control volume. Thermal

equilibrium in convection in porous media is not valid

for many cases as reported by various authors for differ-

ent applications [12–14]. It is expected that, when there is

a significant difference between advection and conduction

mechanisms in transferring heat, the deviation between

solid and fluid phase temperatures increases.
ed.
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Nomenclature

cp specific heat, Jkg�1K�1

g gravitational acceleration, ms�2

h volumetric heat transfer coefficient,

Wm�3K�1

H heat transfer coefficient parameter, defined

in Eq. (10)

L heat source length, m

k thermal conductivity, Wm�1K�1

K permeability, m2

Kr thermal conductivity ratio parameter,

defined in Eq. (10)

Nu average Nusselt number, defined in Eq. (12)

or (14)

Pe Péclet number, defined in Eq. (10)

q
00

heat flux, Wm�2

Ra Rayleigh number, defined in Eq. (10)

T temperature, K

u, v velocity components along x- and y-axis,

respectively, ms�1

V0 inlet velocity, ms�1

U, V non-dimensional velocity components,

defined in Eq. (6)

x, y Cartesian coordinates, m

X, Y non-dimensional Cartesian coordinates,

defined in Eq. (6)

Greek symbols

a thermal diffusivity, m2s�1

b coefficient of volume expansion, K�1

m kinematic viscosity, m2s�1

q density, kgm�3

h non-dimensional temperature, defined in

Eq. (6)

u porosity, (void volume/total volume of the

porous medium)

W non-dimensional stream function, defined in

Eq. (6)

Subscripts

c cold wall

h hot wall

f fluid

s solid

t total (fluid + solid)
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Schumann [15] suggested a simple two-equation

model to account for non-equilibrium condition for

incompressible forced flow in a porous medium. Vafai

and Sozen [13], extended the Schumann model to ac-

count for compressible flow taking into account of

Forchheimer term and conduction effects in the gas

and solid phases. Amiri and Vafai [16] presented a de-

tailed analysis for forced flow through channel filled

with saturated medium. Their results indicate that the

Darcy and particle Reynolds parameters are most influ-

ential parameters in determining the validity of the

local thermal equilibrium. Recently the non-equilibrium

model has been used in the analysis of different convec-

tion heat transfer problems in porous media by various

authors [17–25]. In the non-equilibrium modeling, it is

required to know the volumetric heat transfer coeffi-

cient between solid and fluid phases. In the literature

there are some attempts to measure volumetric heat

transfer coefficient under forced convection conditions

[26–28]. In fact, the results depend on the accuracy of

the model assumptions and accuracy of the input

parameters, such as thermo-physical properties of the

solid matrix, effective thermal conductivity, boundary

conditions and effect of radiation, etc. No experimental

or theoretical analysis could be identified in the litera-

ture about volumetric heat transfer coefficient under

free or mixed convection conditions. From the basics

of heat transfer, it is expected that the volumetric heat
transfer coefficient for free convection may be quite low

compared with forced convection, unless the Rayleigh

parameter is very high. In the present work, the volu-

metric heat transfer coefficient parameter is assumed

to be in a range of 0.01–100 for mixed convection

mode. The Darcy model and the non-equilibrium

model are used also to study the mixed convection in

a vertical porous layer induced by a finite isothermal

heat source on one vertical wall in the presence of exter-

nal flow with the opposite wall moving at constant

velocity. Two different cases are considered; one is the

aiding flow, when the external flow aids the buoyancy

forces on the hot wall, and the other is the opposing

flow, which represents the situation when the buoyant

flow on the hot wall is opposed by the external forced

flow. A schematic diagram of the aiding and opposing

flows model along with the coordinate system is shown

in Fig. 1.
2. Governing equations

The conservation equations for mass, momentum

and energy in two-dimensional, laminar mixed convec-

tion flow in porous layer, using the non-equilibrium

model are:

ou
ox

þ ov
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¼ 0 ð1Þ
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Fig. 1. Schematic diagram of the physical model and coordinate system.
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ou
oy

� ov
ox

¼ �gbK
m

oT f

oy
ð2Þ

ðqcpÞf u
oT f

ox
þ v

oT f

oy

� �
¼ ukf

o2T f

ox2
þ o2T f

oy2

� �

þ hðT s � T fÞ ð3Þ

ð1� uÞks
o
2T s

ox2
þ o

2T s

oy2

� �
þ hðT f � T sÞ ¼ 0 ð4Þ

where u, v are the velocity components along x- and y-

axis, Tf is the fluid phase temperature, Ts is the solid

phase temperature and the physical meaning of the other

quantities are mentioned in the nomenclature. Eqs. (1)–

(4) are subject to the following boundary conditions:

uð0; yÞ ¼ 0; T fð0; yÞ ¼ T sð0; yÞ ¼ T h for 0 6 y 6 L;

and

oT fð0; yÞ
ox

¼ oT sð0; yÞ
ox

¼ 0 for y < 0; y > L ð5aÞ

uðL; yÞ ¼ 0; T fðL; yÞ ¼ T sðL; yÞ ¼ T c

vðL; yÞ ¼ V 0 for aiding flow;

and vðL; yÞ ¼ �V 0 for opposing flow

ð5bÞ

uðx;�L1Þ ¼ 0; vðx;�L1Þ ¼ V 0;

T fðx;�L1Þ ¼ T sðx;�L1Þ ¼ T c for aiding flow

uðx;�L1Þ ¼ 0;
ovðx;�L1Þ

oy
¼ oT fðx;�L1Þ

oy

¼ oT sðx;�L1Þ
oy

¼ 0 for opposing flow

ð5cÞ
uðx; L2Þ ¼ 0;
ovðx; L2Þ

oy
¼ oT fðx; L2Þ

oy

¼ oT sðx; L2Þ
oy

¼ 0 for aiding flow

uðx; L2Þ ¼ 0; vðx; L2Þ ¼ �V 0;

T fðx; L2Þ ¼ T sðx; L2Þ ¼ T c for opposing flow

ð5dÞ

It is assumed that the fluid and solid phases share the

same temperature as that of the vertical isothermal

walls, i.e., equilibrium condition is imposed on the

non-permeable walls. The values of L1 and L2 are taken

large enough so that the boundary conditions (5c) and

(5d) will be realistic at the inlet and exit of the porous

layer. The governing equations (1)–(4) can be written

in non-dimensional form by using the following non-

dimensional variables:

X ¼ x
L
; Y ¼ y

L
; U ¼ u

V 0

¼ oW
oY

;

V ¼ v
V 0

¼ �oW
oX

; h ¼ T � T c

DT
ð6Þ
where DT = (Th � Tc). The resulting dimensionless

forms of the governing equations are as follows:

o2W

oY 2
þ o2W

oX 2
¼ �Ra

Pe
ohf

oX
ð7Þ

Pe
oW
oY

ohf

oX
� oW

oX
ohf

oY

� �
¼ o

2hf

oX 2
þ o

2hf

oY 2

� �
þ Hðhs � hfÞ

ð8Þ

o2hs

oX 2
þ o2hs

oY 2
þ HKrðhf � hsÞ ¼ 0 ð9Þ
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where, the parameters arises in the non-dimensionliza-

tion are defined as:

Ra ¼ gbKDTL
umaf

; Pe ¼ V 0L
uaf

;

Kr ¼
ukf

ð1� uÞks
; H ¼ hL2

ukf
ð10Þ

The boundary conditions (5) become:

Wð0; Y Þ ¼ 0;

hfð0; Y Þ ¼ hsð0; Y Þ ¼ 1 at 0 6 Y 6 1

and

ohfð0; Y Þ
oX

¼ ohsð0; Y Þ
oX

¼ 0 at Y < 0; Y > 1 ð11aÞ

hfð1; Y Þ ¼ hsð1; Y Þ ¼ 0

Wð1; Y Þ ¼ �1 for aiding flow

and

Wð1; Y Þ ¼ 1 for opposing flow ð11bÞ

hfðX ;�Y 1Þ ¼ hsðX ;�Y 1Þ ¼ 0;

WðX ;�Y 1Þ ¼ �X for aiding flow

oWðX ;�Y 1Þ
oY

¼ ohfðX ;�Y 1Þ
oY

¼ ohfðX ;�Y 1Þ
oY

¼ 0 for opposing flow

ð11cÞ

oWðX ; Y 2Þ
oY

¼ ohfðX ; Y 2Þ
oY

¼ ohsðX ; Y 2Þ
oY

¼ 0 for aiding flow

hfðX ; Y 2Þ ¼ hsðX ; Y 2Þ ¼ 0;

WðX ; Y 2Þ ¼ X for opposing flow

ð11dÞ

The physical quantities of interest in the present problem

are the average Nusselt number for the fluid and solid

phases at the heated wall segment, defined by:

Nuf ¼
Z 1

0

� ohf

oX

� �
X¼0

dY ð12aÞ

Nus ¼
Z 1

0

� ohs

oX

� �
X¼0

dY ð12bÞ

It is of practical importance to determine the average

total heat transfer (by fluid and solid) per unit area from

the heated segment, which can be calculated as:

q00t ¼
1

L

Z L

0

q00t ðyÞdy

¼ �1

L

Z L

0

ukf
oT f

ox

� �
x¼0

þ ð1� uÞks
oT s

ox

� �
x¼0

� �
dy

ð13Þ
From which it can be shown that, the total average

Nusselt number is:

Nut ¼
q00t L

DTfukf þ ð1� uÞksg

¼ �1

ðKr þ 1Þ

Z 1

0

Kr
ohf

oX

� �
X¼0

þ ohs

oX

� �
X¼0

� �
dY

ð14Þ
3. Numerical scheme

Eqs. (7)–(9) subjected to the boundary conditions

(11) are integrated numerically using the finite volume

method, which is described in the book by Patankar

[29]. The central differencing scheme is used for the dif-

fusion terms of the energy equations (8) and (9) as well

as in the momentum equation (7). The quadratic upwind

differencing QUICK scheme given by Hayase et al. [30]

is used for the convection terms formulation of the en-

ergy equation of the fluid phase (8). This scheme has a

third-order accurate approximation for the uniform grid

spacing. The linear extrapolation, known as mirror node

approach, has been used for the boundary conditions

implementation. The resulting algebraic equations were

solved by line-by-line using the Tri-Diagonal Matrix

Algorithm iteration. The iteration process is terminated

under the following condition:

X
i;j

j/n
i;j � /n�1

i;j j
,X

i;j

j/n
i;jj 6 10�5 ð15Þ

where / is the general dependent variable which can

stands for hf, hs or W and n denotes the iteration step.

In the present study, the mesh is selected to be same

as that used by Lai et al [7]; which is 21 · 201,

21 · 301, 21 · 401 equal spacing grids for Ra = 10, 50

and 100, respectively. The length on the upstream

and down stream sides of the heat source (Y1 and

Y2), have been varied with Péclet number and flow

direction. To check the accuracy of the present numer-

ical method, the results of the present numerical

scheme obtained for the case of the equilibrium condi-

tions is compared with the results of the thermally

equilibrium model used by Lai et al. [7]. The average

Nusselt number for the fluid phase Nuf has been calcu-

lated and listed in Table 1 along with the results of

Lai et al. [7]. The temperature gradient at the wall

has been calculated using three point expression which

has third order accuracy also. The maximum discrep-

ancy between the present results and Lai et al. [7] re-

sults is less than 2%. These results provide confidence

to the accuracy of the developed code for both aiding

and opposing flows and it is used to generate results

for the non-equilibrium model.



Table 1

Comparison of the average Nusselt number of the equilibrium model with the results of Lai et al. [7]

Flow Ra Pe = 0.01 Pe = 1 Pe = 10 Pe = 100

Ref. [7] Present Ref. [7] Present Ref. [7] Present Ref. [7] Present

Aiding flow 10 2.08 2.04 2.27 2.24 4.22 4.20 11.63 11.73

50 4.07 4.01 4.33 4.28 6.23 6.18 12.63 12.82

100 6.34 6.29 6.57 6.52 8.26 8.20 13.84 13.98

Opposing flow 10 2.08 2.04 1.96 1.93 3.22 3.17 11.08 11.12

50 4.06 4.03 3.80 3.76 2.41 2.37 9.86 9.88

100 6.34 6.39 6.10 6.14 4.17 4.13 8.28 8.21

Fig. 2. Effect of H on the variation of average Nusselt number

with Péclet number with Ra = 50 and Kr = 1.0: (a) aiding flow,

(b) opposing flow.
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4. Results and discussion

The results were obtained for Rayleigh number

Ra = 10, 50 and 100 where Darcy model is applicable

and Péclet number for mixed convection range of

0.01 6 Pe 6 100. The results are found to show the effect

of the two parameters arising from the thermally non-

equilibrium between the solid and fluid phases, which

are the heat transfer coefficient parameter in the range

0.01 6 H 6 100 and thermal conductivity ratio parame-

ter in the range 0.01 6 Kr 6 100 for both aiding and

opposing flows.

4.1. Effect of heat transfer coefficient parameter H

Fig. 2 shows the effect of the heat transfer coefficient

parameter defined in Eq. (10) on the average Nusselt

number. In this figure, the Rayleigh number is chosen

Ra = 50 for both aiding and opposing flows and thermal

conductivity ratio parameter Kr = 1 is selected, where

the total average Nusselt number is affected equally by

the both solid and fluid temperature fields according to

Eq. (14). For small values of the heat transfer coefficient

parameter (H = 0.01) the average Nusselt number of the

solid phase is almost constant and not dependent on

how much the Péclet number is for both aiding and

opposing flows. This is because the solid phase temper-

ature field is approximately not affected by the fluid

phase temperature field due to small values of the heat

transfer coefficient between the two phases as shown in

Figs. 3(a) and 4(a) for aiding and opposing flows respec-

tively. On the other hand the values of the average Nus-

selt number of the fluid phase is approximately equal to

those of the equilibrium model results obtained by Lai

et al. [7] for Ra = 50, Kr = 1 andH = 0.01. In the equilib-

rium model the solid temperature and the fluid temper-

ature is assumed to be equal and hence the last term in

the right hand side of Eq. (8) is zero in this case. The last

term in the right hand side of Eq. (8) approaches zero

also when H approaches zero and the results approach

the equilibrium model results as shown in Fig. 2. The

total average Nusselt number is exactly in between the

corresponding values of solid and fluid phases according
to Eq. (14) as shown in Fig. 2 for both aiding and oppos-

ing flows. Therefore, the thermally non-equilibrium ef-

fects are very strong for small values of heat transfer

coefficient parameter H as shown in Figs. 2, 3(a) and

4(a). As the heat transfer coefficient parameter increases

the average Nusselt number of the solid phase increases

and the average Nusselt number of the fluid phase de-

creases, as shown in Fig. 2. At high values of H the val-

ues of the average Nusselt number of the both phases

approaches each other and at very large values of H
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(or more specifically very high values ofH · Kr) the ther-
mally equilibrium model can predict correctly the tem-

perature fields and the average Nusselt number. Figs.

3(c) and 4(c) show the temperature fields of both the

solid and the fluid fields at H = 100 for aiding and

opposing flows respectively at Ra = 50, Pe = 1 and

Kr = 1. It can be seen that these temperature fields are al-

most similar for both phases in the two cases of aiding

and opposing flows, which reflect the thermally equili-

brium case.

It is observed from Fig. 2 that the variation of the

average Nusselt number for the fluid phase with the heat

transfer coefficient parameter is less for high values of Pe

than those at low values of Pe. For the solid phase the

trend is opposite and the variation of Nus with H is more

for high values of Pe than those at low values of Pe. As a

result of these variations, the total average Nusselt num-

ber is affected by the heat transfer coefficient parameter

for the forced convection mode (high Pe) more than the

free convection mode (low Pe). Fig. 2 shows also that for

both the aiding and opposing flows, the total average

Nusselt number is decreasing with increasing the heat

transfer coefficient parameter at low values of Pe, while

for Pemore than 10, higherH will enhance the total heat

transfer rate. It is important to note that, in practice,

increasing the Péclet number leads to increasing the heat

transfer coefficient between the two phases. The param-

eter H is expected to be higher in the forced convection

than free convection.

4.2. Effect of thermal conductivity ratio parameter Kr

Figs. 5 and 6 show the effect of thermal conductivity

ratio on the variation of the total average Nusselt num-

ber with Péclet number and with constant heat transfer

coefficient parameter H = 1 for aiding and opposing

flows respectively. For both aiding and opposing flows
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Fig. 5. Effect of Kr on the variation of total average Nusselt

number with Péclet number with H = 1 aiding flow.
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the values of the total Nusselt number for small values

of Kr will be small compared with higher values of Kr
as shown in Figs. 5 and 6 respectively. Increasing the

thermal conductivity ratio leads to increase in the total

average Nusselt number and at Kr = 100 the equilibrium

model results are reproduced. This is due to the fact that

the porous medium, with low porosity u and/or low

thermal conductivity of the fluid compared to that of

solid, has low thermal conductivity ratio parameter Kr
for example the metal foams. In this case the thermal

resistance of the solid phase is the minimum and most

of the heat will be carried out by conduction through

the solid phase and partly by the fluid phase. In this case

also, the average Nusselt number of the solid phase is al-

most constant and not dependent on how much the Péc-

let number is for both aiding and opposing flows. The

solid phase temperature field is approximately not af-

fected by the fluid phase temperature field due to low

porosity u and/or highly conductive solid phase as

shown in Figs. 7(a) and 8(a) for aiding and opposing

flows respectively.

On the other hand, porous medium with high poros-

ity u and/or high thermal conductivity of the fluid com-

pared to that of solid has high Kr for example the grain

storage. In this case the thermal resistance of the fluid

phase is the minimum and most of the heat will be car-

ried out by the fluid convection and partly by conduc-

tion through the solid phase. Figs. 5 and 6 show the

variation of the total average Nusselt number with Péc-

let number with Kr = 100 is representing the results of

the thermally equilibrium model by Lai et al. [7] for aid-

ing and opposing flows respectively. The heat transfer

between the two phases with high values of Kr (or more

specifically with high values of H · Kr) leads to the tem-

perature fields of the two phases to be similar. Figs. 7(c)

and 8(c) show that for Ra = 10, Pe = 10, H = 1 and

Kr = 100, the solid and fluid temperature fields are
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almost similar which indicates thermal equilibrium con-

dition for both aiding and opposing flows. It can be seen

that the thermally non-equilibrium condition is strong

for small values of Kr (or more specifically with small

values of H · Kr) for both aiding and opposing flows.

Figs. 5 and 6 also show the effect of the Rayleigh

number on the total average Nusselt number for aiding

and opposing flows respectively. In the case of aiding

flow, Fig. 5 shows that, for fixed values of H and Kr
the difference in the total average Nusselt number is

largest for small values of Péclet number (free convec-

tion), and this difference diminishes with an increase in

Péclet number (forced convection). In the case of the

opposing flow, Fig. 6 shows that, for fixed values of H

and Kr the total average Nusselt number for a lower

Rayleigh number (Ra = 10) is more than that for higher

Rayleigh number (Ra = 100) in the mixed convection re-

gime (Pe > 20). This observation has been noted by Lai

et al. [7] in the thermal equilibrium model analysis. An-

other observation is made, when Rayleigh number is

small (Ra = 10) the effect of Kr is not that significant

for small Pe as that when Pe is large as shown in Figs.

5 and 6 for aiding and opposing flows respectively.

For Ra = 100 the effect of Kr is clear and as mentioned

earlier higher values of Kr enhanced the heat transfer

even when Pe = 0.01 as shown in Figs. 5 and 6 for aiding

and opposing flows respectively.

Finally the following comparison of the effect of the

two parameters in the non-equilibrium model has been

made. The increase of Kr from 0.01 to 100 leads to an

increase of the total average Nusselt number by a factor

of 2 or more for moderate Péclet number for example

Pe = 10 as shown in Figs. 5 and 6 for aiding and oppos-

ing flows respectively. While the same increase in H is

approximately not effected the values of the total aver-

age Nusselt number as shown in Fig. 2. These results re-

veal that the total average Nusselt number depends

strongly on the thermal conductivity ratio parameter

and depends slightly on the heat transfer coefficient

parameter.
5. Conclusions

Numerical investigation have been carried out for

two-dimensional steady mixed convection in a vertical

porous layer using the thermally non-equilibrium

model. The vertical porous layer is assumed to have a

finite isothermally heated segment on one vertical wall

which is otherwise adiabatic and the other vertical wall

is cooled isothermally. The results show that, the ther-

mal equilibrium model cannot predict the average Nus-

selt number correctly for small values of H · Kr in both

the aiding and opposing flows. At high values of H · Kr
the thermally equilibrium model can predict cor-

rectly the temperature fields and the average Nusselt
number. For fixed values of H and Kr the difference

in the total average Nusselt number is largest for small

values of Péclet number (free convection), and this dif-

ference diminishes with an increase in Péclet number

(forced convection). In the case of the opposing flow,

for fixed values of H and Kr, the total average Nusselt

number for a lower Rayleigh number (Ra = 10) is more

than that for higher Rayleigh number (Ra = 100) in the

mixed convection regime (Pe > 20). When Rayleigh

number is small (Ra = 10), the effect of Kr is not signif-

icant in the free convection (small Pe) as that in the

forced convection (large Pe) for aiding and opposing

flows. For Ra = 100 the effect of Kr is clear and higher

values of Kr enhanced the heat transfer even when

Pe = 0.01 for aiding and opposing flows. It is observed

also that, the total average Nusselt number depends

strongly on the thermal conductivity ratio parameter

and depends slightly on the heat transfer coefficient

parameter.
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